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Abstract 

The eigenvalue problem for the p-Laplace operator with Robin boundary condition 
is considered in this paper. A Faber-Krahn type inequality is proved. More precisely, 
it is shown that amongst all the domains of fixed volume, the ball has the smallest first 
eigenvalue. 
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Preface 

The result of this paper was announced at first on a conference held at the Wuhan 
Institute of Physics and Mathematics in May 2007. The final version of this paper 
was finished in September 2008 when the first author worked as a research fellow at 
The Australian National University. As soon as we completed our paper, we sent a 
copy of our preprint to D.Daners (see item 6 in the reference of [3]) since our result 
is related to a previous paper [5] of him. Five months later, D.Bucur and D.Daners 
give an alternative proof of our result in February 2009. Though the paper has been 
published (see [3]), their proof depends completely on Proposition 2.2, Corollary 2.3 
and Proposition 2.7 of this paper which, to our knowledge, can not been found in other 
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materials. For completeness of their proof and the reader's convenience, our paper will 
be published here. 



1 Introduction 

Let ft C R N {N > 2) be an open bounded smooth domain, we consider the following 
eigenvalue problem 



(1.1) 



-div(|Vu| p - 2 Vu) = \\u\p- 2 u in ft, 

>du 
du 



|v«| p - 2 f^ + p\u\p~ 2 u = o on an, 



where 1 < p < +oo, v is the outward unit normal of <9ft and /3 is a non-negative 
constant. 

The p-Laplacian div([Vii| p ~ 2 Vii) arises in many applications such as non-Newtonian 
fluids, quasi-regular and quasi-conformal mapping theory and Finsler geometry etc. An 
important special case of the p-Laplacian is the well known Laplacian An = div(Vu) 
which corresponds to p = 2. Problem (jl.ip is called Dirichlet when /3 = +oo, Neumann 
when /3 = 0, and Robin when < j3 < +oo. 

The main purpose of this paper is to prove a Faber-Krahn type inequality for the 
Robin problem of the p-Laplacian. This inequality says that amongst all the domains 
of fixed volume, the ball has the smallest first eigenvalue. The study of this kinds of 
inequalities can be traced back to 1877 [20]. Let B denote a ball in R N , and Af (ft) 
denote the first eigenvalue of the following eigenvalue problem 



(1.2) 



-At/> = \ip x € ft, 
if) = x G 9ft. 



Rayleigh [20J conjectured that 

(1.3) Af (ft) > Af (B) for ft C R N with |ft| = \B\, 

and the equality hold if and only if ft = B. This conjecture was proved independently 
by Faber [8j and Krahn |16tll7j in the 1920's by making use of Schwartz symmetrization. 
Since then, the inequality (II. 3p was known as Faber-Krahn inequality. In 1999, a proof 
of Faber-Krahn type inequality for the Dirichlet problem of the p-Laplacian was given 
by T. Bhattacherya [T]. Recently, Faber-krahn type inequality was generalized to Robin 
problem of the Laplacian by M.H.Bossel [2] for dimension N = 2, and by D.Daners [5] 
for dimension N > 3 but left the equality case open. A little bit later, D.Daners and 
J.Kennedy complete the proof of equality case in [6]. Note that the generalization of 
the Faber-Krahn inequality from Dirichlet problem to Robin problem is not trivial as, 
unlike in the Dirichlet problem, the first eigenvalue of Robin problem is not monotone 
as the domain expands (see [II])- For more information of the Faber-Krahn type 
inequality on manifold , we refer to |13| . 
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Since the level surface of the first eigenfunction of Robin problem intersects with 
the boundary d£l, the Schwartz symmetrization of the first eigenfunction generally does 
not decrease its Dirichlet integral and hence the Schwartz symmetrization method does 
not apply to the proof of Faber-Krahn inequality for Robin problem. Therefore, new 
approach must be employed in the proof of the Faber-Krahn inequality for Robin prob- 
lem. The two crucial tools used by D.Daners [5] to prove the Faber-Krahn inequality 
for Robin problem of the Laplacian are the Bessel functions and a new formula for the 
first eigenvalue by making use of level sets of the corresponding eigenfunction. To prove 
the Faber-Krahn type inequality for Robin problem of the p-Laplacian with p ^ 2, we 
mainly face two difficulties. One is the lack of Bessel functions and the other is the 
degeneracy of the operator. The tools we use to overcome these difficulties are some 
new abstract propositions of the first eigenfunction and some approximation procedure. 
The main results of this paper can be stated as the following 

Theorem 1.1. Let 1 < p < +oo and Ai (SI) be the first eigenvalue of problem (1.1) 
with < (3 < +oo. If B is an open ball such that \B\ = then Xi(B) < Ai(O). 

Remark. Theorem 1.1 is proved under the assumption that f2 is smooth. However, 
by an approximation method similar to that used in [5], we can prove that Theorem 
1.1 is still true for the domains of Lipschitz type. 

Theorem 1.2. Let 1 < p < +oo and B be a ball satisfying \B\ = //Ai(Q) = 
X\(B), then, up to a translation, we have Q = B. 

We also point out here that a symmetry result due to Gidas, Ni and Nirenberg 
|10j plays a crucial role in the proof of Theorem 1.2 when p = 2 (see D.Daners and 
J.Kennedy [6]). However, this kind of result is not available for p-Laplace equation 
when p > 2 and p ^ N (see however [15] for the case p = N). Fortunately, we can 
prove a symmetry result needed in the proof of Theorem 1.2 in the special case of 
eigenvalue problem, though we can not prove more general symmetry result as in |10j . 

The contents of the rest of this paper are as follows: §2 The First Eigenvalue and 
Eigenfunction. §3 Level Sets Formula of Ai (SI). §4 The lower bound of Ai(il). §5 Proof 
of Theorem 1.1. §6 Proof of Theorem 1.2. 

2 The First Eigenvalue and Eigenfunction 

In this section, we give definition and some properties of the first eigenvalue and its 
corresponding eigenfunction of problem (jl.ip . We focus on the case < (3 < +oo, since 
the case (3 = +oo has been resolved and the case /3 = is trivial. 
Let /C = {u G W l > p {Sl); \\u\\ LP{n) = 1}. Let 

(2.1) Ai(ft) = inf{ f |Vu| p + /3 f \u\ p ; u € JC} 

Jn Jan 

be the first eigenvalue and ip the corresponding eigenfunction of problem (jl.ip . 
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Proposition 2.1. Let Ai(S7) be defined as in \2. 1}) . Then Ai(Q) > can be achieved 
by some positive function ip. 

Proof. Define functional <3?(u) on /C by 

$(tt) = / \Vu\ p dx + (3 / \u\ p dx. 
Jo, Jan 

It is obvious that &(u) is a convex functional. By Theorem 1.3 in Chapter 5 of |T2J , 
<I>(n) is weakly lower semi-continuous on /C. Let {uj}j^i be a minimum sequence of Ai 
on /C, that is, J n \uj\ p dx = 1 and 

/ \Vuj\ p dx + (3 / |nj| p (ix Ai(ST), as j -> +oo. 
Vo, Jan 

Since is bounded in V7 1,P (S1) and the embedding W 1,P {Q) L P (S7) is compact, 
there exists u G VF 1,P (S7) such that 

— ^ u weakly in W 1,P (S1), 

— u strongly in L P (S7). 
Hence, by the weakly lower semi-continuity of $(it), we have 

< limy-> + oo^(«j) = Ai(fi). 

On the other hand, we have Ai < &(u) due to u G /C and the definition of Ai (SI). 
Thus Ai (S7) = $(u). Let ^ = |u| , it is easy to check that Ai(S7) = &(ip). Moreover, i\> 
is positive in Si by the strong maximum principle (see Lemma 2.6 below) . Thus, we 
complete the proof of proposition 2.1. 

Proposition 2.2. Let Ai(f2) be the first eigenvalue of problem Then Ai(Sl) 

is simple in the sense that if ipi > and ip2 > are two eigenf unctions corresponding 
to Ai(Jl), then tp2 = Cipi and C is a constant. 

Proof. Suppose that ip\ and ^ are two eigenfunctions corresponding to Ai (SI), 
and ipi, tp2 > 0. Then ipi, i = 1,2 satisfy 



(2.2) 
Let 



-div(|V^r 2 V^) = \m p ~ 2 ipi in fi, 



rn=Vi- Wi = p-i i V2 = ip2- ipiip 2 = p-i 



Multiplying equation (|2.2|) by (z = 1, 2) and integrating by parts, we obtain 

/ |V^r 2 V^- Vf/i + /8 / tfT^-Xi [ i$~ 1 V i = 0, (z = 1,2). 

Jan ./n 
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It follows 

/ n (i + (p- i)(^rwi\ p + u i + (p - i)(ft) p )iv^ 2 i p 

(2.3) 

- iM^y^iw 2 +p(fer 1 iv^r 2 )vvi • w> 2 = o. 

Noticing that S7(\nfa) = -^7% (|2.3[) can be rewritten as 



(2.4) 



JnW + (P - l)^)|Vln + (VI + (P - l)^)|VlnV>2 



p 



p / Q (Vf|VlnVi| p ~ 2 + Vi|Vln^ 2 | p_2 )VlnVi • Vln^ 
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Hence 

L«-^)(|Vln^|P-|VlnV2| p ) 

(2.5) =p/ Q V'2l vln V'i| p " 2 (VlnVi) • (Vln^ 2 - Vln^i) 
-p f Q ifi | V In fa | p ~ 2 ( V In fa) ■ ( V In fa - V In fa ) . 

Observing that (see [15] ) 

(2.6) ie 2 | p - > pI6I p " 2 6 • (6 - 6) + c(p) %j^ , v 6,6 g i? n , 

we obtain 

|Vln^i| p -|Vln^2| p 

> p| V In fa | p - 2 (V In V 2 ) ■ (V In Vi - V In V 2 ) + Ci (p) |Vln ^ lnfe|P , 

and 

|Vln^ 2 | p -|VlnVi| p 

> pj V In fa r 2 ( V In fa ) • ( V In fa - V In fa ) + C 2 (p) 1 V ln ^ , 

where C(p), Ci(p) and C 2 (p) are positive constants depend only on p. 
From ([23]) . ([277]) and ([275]) . we deduce 

Ci(p)+C 2 (p) /•, 1 1 



2 p 



This implies that V(ln^i — In. fa) = 0, namely, fa = Cfa. This completes the proof 
of Proposition 2.2. 

Corollary 2.3. If CI = B(0) is a ball, then the first eigenfunction ^ of problem 

is radially symmetry, that is, ip(x) = ip(r) with r = \x\. 
Proof. The conclusion of Corollary 2.3 comes immediately from the simplicity of 
Ai(O) and the rotational invariance of problem (|1.1|) . 

To state our next proposition of the first eigenfunction, we need the following two 
lemmas which were proved in the appendix of [21] , 
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Lemma 2.4. (Weak comparison principle) Let Q, G R N be a bounded domain with 
smooth boundary <9$7. Let U\,U2 G W 1,P {Q) satisfy 



in weak sense. Then u\ < u<i on d£l implies u\ < U2 inVL. 

Lemma 2.5.(Hopf's lemma) Let O, E R N be a bounded domain with smooth bound- 
ary dQ. Let u G C l (£l) satisfy 



If u = at xq E dQ, then g^(^o) < 0, where v denotes the unit outward vector normal 



We also need the following strong maximum principle which is a special case of 
Theorem 1.1 in |19| . 

Lemma 2.6. (Strong maximum principle) If u G C 1 (f]) satisfies the following in- 
equalities in weak sense 



(2.10) 

[ u > o 

Then, u(xq) = for some xq G implies u(x) =0 in Q. 

Proposition 2.7. Let -Br(O) be a ball in R with radius R and center 0. Ifip(x) = 
ip(r) denotes the first eigenfunction of problem hl.l\) on Br(0), then ip'(r) < for any 
< r < R. 

Proof: For any fixed tq G (0, R), we have 



div(|V«i| p " 2 Vui) < -div(|Vit 2 | p " 2 V« 2 ) 



in £1 




to on. 





div(|V0(r o )| p - 2 V^(r o )) < -div(|V0(x)| p - 2 



V<f>(x)) xEB ro (0) 
x E dB ro (0). 



Hence, by lemma 2.4, we have 



4>{x) > (j)(r ) 



x E B ro (0). 



Since 4>(x) is not a constant, it follows from lemma 2.6 that 



4>{x) > (j)(r ) 



x E B ro (0). 



Let w(x) = 4>{x) — 4>{ro) = 4>{r) — 4>{ro). Then, w(x) satisfies 



< 



-div(\Vw(x)\ p - 2 Vw(x)) = Xi^x) > x G B ro (0) 
w(x) > x G -B ro (0) 

w(x)=0 ze9B ro (0) 
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Consequently, lemma 2.5 implies that (f>'(ro) < 0. Noting that ro is arbitrary, the 
conclusion of proposition 2.7 then follows. 

We conclude this section with the following proposition which is essential for the 
proof of Theorem 1.1. 

Proposition 2.8. Let -Br(O) be a ball in R N with radius R and center 0. Letip(x) = 

ip{r) denote the first eigenfunction of problem on Br(0). If g(r) = \il)'{r)\/ip{r), 

i 

then g'{r) > for < r < R, and g(r) < ftp- 1 for any r G [0, R]. 

Proof: It follows from Proposition 2.7 and the standard regularity theory of elliptic 
equations that tp G C°°{B R (0) \ {0}). Consequently, < g G C°°(0,R). Now, we 
compute 

(2.11) 9> = { .ty = ^ + ^ 

(2.12) g" = -r- + 3gg' -g 3 . 
From the equation satisfied by ip, we have 



It follows that 



(2.i3) - ( P - i)ivT-y - - — = Ai^- 1 . 

r 



(2.14) _(p_i)y_^_Jy = Al ^ f . 

Differentiating the above equation, we obtain 

iV-l < jV-1 Ai (p - 2)X ig ' 

(2.15) — (p — 1)— ; ^ — g = q = . 

v ; w i jp r ip r 2 gP- 3 gP- 1 

Since -?C = g' - g 2 ,it follows from (i2~T4l) that 
(2 16) Al =-^- 1 ^~ 2 f + 

= ( p -l)gP- 2 g>-(p-l)gP + !i-± g P-K 



Hence 

(p - l)gg' + {p- l)g 6 g 



Al ,.. , ,.. ^ 3 2 



and 

■0 ^ (p — l)r 2 ^ ' 

where / = g + ^frc: + (p-^gp- 1 ■ Substituting this equation into (|2.12p , we infer that 
for any r G (0, R) 

9"{r) + [/(r) - 3 5 (r)] 5 '(r) = ^ > 0. 



we claim that g' ^ in (0, R). For if there exists ro € (0, R) such that g'(ro) = 0, then 
9"( r o) > 0- Hence ro is a minimum point of g. Since g > and g(0) = 0, it follows 
from the continuity of g that g(ro) = 0. This contradicts with the fact that g > 
in (0,-R). Consequently, g' has definite sign in (0, R). This implies immediately that 

g' > in (0, For if < in (0,R), then we have g(r) < g(0) = in (0,R), a 

i 

contradiction. Finally, the a priori estimate g(r) < ftp- 1 for any r G [0, i?] follows from 
the facts that g' > and = . This completes the proof of Proposition 2.8. 

3 Level Sets Formula of Ai(f2) 

For an open set U C f2, we define the interior and exterior boundary of f7 respectively 
by 

djU = dUnn, d E U = dUndQ. 

Then dU = djU U d E U is a disjoint union. For any ip E C(fi) and (p{x) > 0, we define 
a functional H^(U, ip) by 

(3.1) tp) = -L([ cpda+ I da - (p - 1) / <p£* dx), 

\ u \ Jd!V Jd E U JU 

where a is the (N — l)-dimensional Hausdorff measure defined on dU and \U\ is the 
Lebesgue measure of U. Since ip is continuous on diU and U, all integrals in H^i(U, tp) 
are well defined. In the following, we reformulate Ai(f2) by Hq(U,<p). To this end, 
we always denote by ip the first eigenfunction of (jl.ip and sometimes denote ip by ipn 
when we want to emphasize the dependence of ip on the domain £1 . Furthermore, we 
choose ip so that ip > and HV'IIl 00 ^) = 1- By regularity results of DiBenedetto [7] 
and Tolksdorf |23t I24j. we know that ip belongs to C 1,a (J7) for some < a < 1. Let 

m = mm ip(x). 

Then, by Hopf's boundary point Lemma we have m > 0. For any t G (m, 1), we denote 
by Ut the level set of ip, that is 

U t = {x € Q; ip(x) > t}, 

then Ut is open and the interior boundary of Ut is the level surface 

St = djU t = {x G O; ^(x) = 0- 

Hence, S't = 0, if t (m, 1]. Bearing all notations t^t an d S 1 * in mind, we prove 

Proposition 3.1. Let X\(fi) be the first eigenvalue of problem ip be the 

corresponding eigenfunction , and Hq(U,(p) be defined as in \3.1\) . Then 

(3.2) X 1 (n) = H n (U t , ^S- ) forte(m,l). 
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As in [5] , second partial derivatives of eigenfunction will be involved in the proof of 
Proposition 3.1. However, it is well known that, in general, the best possible regularity 
results of Problem (II. ip is C 1,a . Hence, to prove Proposition 3.1, we consider the 
following regularized problem 
(3-3) 

-div[(eu £ + IVu^ 2 )^ Vu £ ] = X e \u £ \ p ~ 2 u £ - e(eu £ 2 + |Vu £ | 2 ) £ 2~ u £ , x € S7, 

;eu 2 + |v U£ | 2 ) E ^f^ + /3ur 1 = o, xedn. 

where 1 < p < +oo, v is the outward unit normal of d£l. 
Define Af (fi) by 

Af (fi) = inf{ / (eu 2 + |Vu e | 2 )2 +/3 / uf; u £ e £}. 
Jn Jan 

Then, we have 

Lemma 3.2. For any e > 0, Af(Sl) is attained by a positive function ip £ € KL. 
Moreover, up to a subsequence, we have limAf(f2) = X\(Q), and 

e— s-0 

lim ip £ = V> in C 1 (J7) 

where Ai(fi) is the first eigenvalue of problem U.l\) and ip is a corresponding eigen- 
function with \\ip\\ L r(n) = 1- 

Proof. The conclusion that Af(O) is attained by a positive function ip £ can be 
proved in the same way as that of Proposition 2.1. To prove the second part of Lemma 
3.2, We first note that ip £ is bounded in W 1,P (Q) when e is small enough. Hence, up 
to a subsequence, we may assume that 

ipe — ^ ij) weakly in W 1,p (0), as e -4 0. 

Since W 1,P (Q) L p (0) is compact, we also have ip G K.. Because convex functional is 
weakly lower semi-continuous, we have 

(3.4) [\v$\r + p[ |^<lim^ (/ |V^| p + /3 / \A\ P ) 

J n Jan Jn Jan 



On the other hand, if ip is the first eigenfunction of problem (jl.ip with 
then by the definition of Ai(f2) and Af (f2), we have 

Ax(fi) = /„ |V#> + J m < J Q |V^ + P Ian IVfeP* 
(3.5) </ n (^ + |V^| 2 )U/3/ 9Q ^ 



LP(fl) 
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Let e — > on the both side of the above inequality, we obtain 

(3.6) limA £ (0) = lim / |VV> £ | p + /3 / \A\ P = [ |W| p + /3 / $\ p = A x (0) 
e ^°Jn Jan Jn Jan 

From (|3.4p and (|3,6p . we infer that 



|W>| P + /?/ |Vf< / lWf + /3 / |Vf = Ai(0). 
Jan Jan 

Hence, f/? is a minimizer of Ai(f2). This implies that = i[> due to the simplicity of 
Ai(0) and = IMIlp(O) = 1- Consequently, $ weakly in W l > p {Q) as 

e — > 0. Finally, by the regularity theory of Tolksdorf |23|, I24| and DiBenedetto [7], we 
know that for e G (0, 1), there exists a € (0, 1) and a positive constant C independent 
of £ such that ||^ e ||cn,a(n) < C. Hence, up to a subsequence, ip £ converges to if) in 
C 1 (J7). This completes the proof of Lemma 3.2. 

Proof of Proposition 3.1. For any fixed t € (m, 1), let v denote the outward 
unit vector normal to dUt- If we denote by ip £ the solution of Problem (13. 3f) obtained 
in Lemma 3.2, then by the standard regularity theory of elliptic equations we know 
that i(j £ G C°°(0). Hence, by divergence Theorem, we have 



(3.7) 



'act </>? 

- f v div ( (e ^ + 1 v fff [ 2 } — v ^ } dx + (p - 1) / p NlllWgg^IWkf ^ 

Af(n)|Di| - + (p - 1) ^ Mdw^!!W, x 



Passing to the limit in (I3.7D as e — )• 0, we obtain 

(3.8) -/ = + ^ 

./St/t V P dl/ -^t V> P 

Since Ai (Q) is simple, we have 

By the boundary condition, we have 

£ = t^Zi— x€d E U t , 

due to dE~Ut C 30. Noticing further that |V^| = — §jr on St, we obtain from the 
definitions of St and dEUt that 

,3,0) -/ 

Now, the conclusion of Proposition 3.1 follows from (|3.9|) and f|3. 10|) . 
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4 The lower bound of Ai(Q) 



In this section, we give a lower bound of Ai(0). Let 

(4.1) M/3 = {tp(x) G C(fi); <p(x) > 0,Tirn>(x) < (3, Vz G dQ}. 



Keep in use the same notations tp, Ut and St as in the previous section. Since ip(x) G 

dv 



C 1 (J7), it is easy to see that (■^^) p 1 € Aip if and only if is a constant on dO,. In 
fact, if -0 is a constant on dn then = -|V^| on <90. Hence 



This implies that (^K" 1 G X/?. 

On the other hand, if G Mp, then 

0P~1 - ^ ^,P-1 Oj/ - ^P-1 

Hence ^ = — |V*0| for all x G 30, which implies that tp is a constant on 30. 
The main results of this section can be stated as 

Theorem 4.1. For every tp G M/3, there exists a set I C [0, 1] with positive measure 
such that 

(4.2) Ai(n) > Hn(U u tp) for all tel. 



Theorem 4.2. Let tp(x) G .Ma, and "0 be the first eigenfunction of problem M.l\) . 

B u (U u <p) < Ai(J2) /oraZZ t G J. 



If tp ^ ^fj-i , then there exists a set I C [m, 1] u>rf/i positive measure such that 



To prove Theorems, we prove some lemmas first. For any given tp and tp > 0, let 
(4.3) u(x) := tp(x) - XGO. 

Then we have 

Lemma 4.3. For any 93 G .M^, Zei w 6e defined as j^.3| ). T/ien /or any e > t/iere 
exists 5 > snc/i ifoai u>(x) < e /or all x G $7 with dist(x, dfi) < 5. 

Proof. Since is continuous on the compact set Q,, we have that for any 

fixed e > 0, there exists So > such that 
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For any fixed z G dVl and the above fixed e, by the assumption that lim^^^y? < /3, we 
can choose r z > such that 

sup ip(x) < (3 + ~, 
ieB(z,r 2 )n$i z 

that is 

(4.5) </j(x) - /3 < |, for all x G r z ) n 0, 

where -B(z, r z ) denotes the ball with radius r z and center z . Since the set {B(z, r z ), z G 
<9S7} of balls form an open cover of the compact set dtt, we can select a finite sub- 
cover {B(zi, rj)}" =1 with rj = r Zi . Let 5 < min{ri, r2, ■ ■ ■ ,r n ,So} be so small that 

n 

x G |J B(zi,ri) whenever x G £1 satisfying dist(x, d£l) < 5. Then, for any x G SI 

i=l 

with dist(x,<9ri) < (5, there exists io G {1,2, •• • , n} such that x G B(zi ,ri ). By the 
boundary condition, we have 

(4 - 6) ^ = —^5-^) ^ -^r-^)- 

It follows from (|4.4p . (|4.5p and (|4.6f) that for any ie!l with dist(x, (9S7 < <5, we have 

This is just the desired conclusion of Lemma 4.3. 

Lemma 4.4. Suppose that if G C(S1) is non-negative such that ip G L l (U) for 
every open set U C Q. Let uj be defined as |^.3| ). S'ei 



F(i) ■=[-[ ujdadr, for t G (m, 1). 



T/ien i* 1 is absolutely continuous on (e, 1) /or aZZ e G (0, 1) and 

d . . 1 /" , 

—F(i) = / wdcr, 

dt W U S) 



/or almost all t G (0, 1). 

Proof. Fix e G (0,1). By the assumption 99 G C(f2) n L l {U s ) and the co-area 
formula, we have 



[ — [ f dadr = [ ^IV^I dx < 00 
J e T Js T Ju £ W 



and ^ 

^ ^ do dr = ( i^j^J rfx < 00. 
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Let 

i r 

uj da, 



T JSr 



Then /(r) € -^ 1 ((e, 1)), thus F(t) = f. f(r) dr is absolutely continuous on (e, 1) and 
differentiable almost everywhere. Moreover 



= -/(*) = -7 / " da. 



This completes the proof of Lemma 4.4. 

To state our next Lemma, we recall more regularity results of the first eigenfunction 
tp. By the boundary condition and the Hopf's boundary point Lemma, we know that 
t/j(x) > for any x G d£l. Consequently |V^|(x) > for any x € d£l. Since <9il is 
compact and \Vip\ € C(f2), it is easy to prove that there exists positive number a and 
a neighborhood iV of d£l in f2 such that |V^>|(x) > a > for any x £ N. This implies 
that p-Laplacian is uniformly elliptic in N. Hence, by the interior regularity theorem 
of elliptic equations, we know that ip € C°°(N). If we let m = mm{ip(x); x E f2} and 
X = {2 € fi;^>(a;) = m}, then by strong maximum principle we know that K C dfl. 
Noticing furthermore that K is compact, there exists to G ( m ) 1) small enough such 
that 

St C N for any t < to- 

An argument similar to that used by Daners in [5J implies the following lemma since 
all computations in [5] are local. 

Lemma 4.5. Let Ut and St be defined as in section 3. Then Ut is a Lipschitz 
domain, moreover, there exist t\ £ (m, to) an d a constant C > independent oft such 
that a (S t ) < Ca{dVt) for all t € (m, t\). 

Proof of Theorem 4.1. We give a proof by contradiction. Suppose that there 
exists ip € M.p such that 

(4.8) Ai(ft) < H n (U t , if) for almost all t € (m, 1). 

Let uj be defined as (|4.3p and -F(t) be defined as in Lemma 4.4, that is 

(4.9) w(x) := <p(x) - ' -g^ , 



and 



F(t) ■= f - f udadr, for all t G (m, 1). 

Jt T JSr 

Then by f|4.8[> . the definition of H^(Ut,<p) and Proposition 3.1, we have 



(4.10) 



wcfo-(p-l) / (^- L -^-)dx=|^ t |[fTn(?7 t , ¥> )-Ai(n)]>0. 
s t Ju t r 
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By Taylor's expansion, there holds 



where £ is a nonnegative function with value between tp and ^pL t , 

From ()4.10p . ()4.11f) . the co-area formula and the definition of F(t), we obtain 

/ uj da > p I — ■ — w dx = p / — w dudr = p-F(f) 

for almost all t E (m, 1). 

It follows from Lemma 4.4 and the above inequality that 

^(t p F(t)) = -t p f(t) + pt p ~ l F{t) = 1T X (- [ uda + P F(t)) < 
«* J s t 

for almost all t E (to, 1). 

Hence, the function t p F{t) is strictly decreasing on (to, 1). Since -F(l) = and 
F(t) is continuous on (to, 1), there exists r\ > and *2 6 (to,, 1) such that F(t) > r\ for 
i E (to, £2]- On the other hand, by Lemma 4.5, there exists t% E (m, £2] an d a constant 
C > such that a(S t ) < Ca{dQ) for i E (m,i 3 ). Set 



Ccr(ao)' 



For this fixed £0, it follows from Lemma 4.3 that there exists 5q > such that w(x) < £0 
for any x E £1 with dist(x, 30) < 5q. Noticing that ip attains its strict minimum on dQ, 
we can choose < £4 < £3 so small that dist(x, 90) < 5q f° r an y x G St and t E (m, <4). 
Hence, for any t E (m, 44), there holds 

pry < pF(t) < / uj da < e a(S t ) < e Ca(dn) < r) 
J s t 

which is a contradiction. Thus we complete the proof of Theorem 4.1. 

Proof of Theorem 4.2. We give a proof by contradiction. Assume that 93 7^ 
^^J-i and that 

(4.12) H Q (U t , if) > Ai(fi), for almost all t E (to, 1). 

Similar to the proof of Theorem 4.1, by the definition of HQ(Ut,<p) and Proposition 
3.1, we have 

(4.13) / uj da > pF(t) + [ ^uj 2 dx for almost all t E (to, 1), 
J s t 2p-lJut 

and 

— (t p F(t)) < —2— I ^uj 2 dx < 0, for almost all t E (to, 1), 
dt 2 p - 1 J v 
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where £ is a nonnegative function with value between tp and ^^-1 ■ Hence t p F(t) is 

nonincreasing in (m, 1). Since u{x) G C(f2), w(x) ^ and |J Ut = £1, there exists 

te(m,i) 

to € (m, 1) such that 

(4.14) / ^Lo 2 dx > 

Moreover, if £i,£2 6 ( m > 1) satisfy £i < £2, then we have Ut 2 C £7^. Hence, the map 



2-p 

is non-increasing in (m, 1) and J*^ ^-'w i = due to U\ 
Let 

2=8 .2 



£* = sup{£ G (m, 1), / ^-iw^x > 0}. 

From (|4.14p . we know that £* G (m, 1] and thus t p F(t) is strictly decreasing on (m, £*) 
and non-increasing on [£*,1], similar to the proof of Theorem 4.1, there exists £3 G 
(m,£*) such that for any £ £ (m, £3), 

p?7 < pF(£) < / uj da < ea(S t ) < 17, 
Js t 

which is a contradiction. Hence, we complete the proof of Theorem 4.2. 



5 Proof of Theorem 1.1 

This section devotes to prove Theorem 1.1. To this end, we denote by Ai(fi) the 
first eigenvalue of problem (jl.ip on the domain f2 and ipn denotes its corresponding 
eigenfunction. Furthermore, B = -Br(O) denotes the ball with radius R and center 
such that \B\ = Let Ut be the level set and St be the level surface of ipu at level 
£ defined in section 2, and B r ^(0) be the ball with radius r(£) and center such that 
|S r(t) (0)| = \U t \. Define 

*.w - |v t B - ( r''r' for " s *<°>- 

By Corollary 2.3, $b is radially symmetry. So, we only need to consider the radial 
function 

I,// ( r \\P- 1 

= = l^Ui— =g p -\r) for re(0,i?) 

w B ( r ) 

where g(r) is the function defined in Proposition 2.8. Then by Proposition 2.8, we 
know that G(r) is strictly increasing in (0, R). Consequently, G(r) < G(R) = (3 for 
any r G [0, R\. we construct our test function as the following. 
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For any t G (to, 1) and x G St, we set 

= G(r(t)). 

It is obvious that is well defined since f2 is a disjoint union of St, t G (to, 1]. Moreover, 
$ G .M^fi) due to $ is continuous and < /3 for all x G fi. It is also not too 

difficult to see that 

(5.1) / \§\~^dx = I fcjj^dx. 

JUt JB r{t) 

Since by the construction the level sets of $ and <3? b have the same measure. Now, we 
are in a position to prove Theorem 1.1. 

Proof of Theorem 1.1. Since <I> G Mp, we conclude from Theorem 4.1 that there 
exist a set / C (to, 1) with positive measure such that 

(5.2) A x (fi) > Ho(U t ,$) for all tel. 

Noticing that cr(dB rt ) < a(dU t ) for all t G (to, 1], and $(x) = G(r(t)) < (3 when 
x G St, we have 

fdB r ( t -) $B(x)da = G(r(t))a(dB r{t) ) < G(r(t))a(dU t ) 
( 5 - 3 ) =G(r(t))(/ & cfc + / 0j>trt At) 

<I St ^ d ° + J dE u t P d °- 

Hence, from (|5.ip . (|5.3[) and the definitions of HB(B r M(0), and HQ{Ut,<&), we 
have 

(5.4) flB(B rW (0),*B) < Hn(U t ,$) Vi G (m,l). 

Since, by Proposition 3.1, we have Ai(-B) = Hb(Bj.u) (0), $#) for any i G (to, 1), it 
follows from (15.21) and (EH) that 



Ai(fi) > Ai(B). 
This completes the proof of Theorem 1.1. 

6 Proof of Theorem 1.2 

This section devotes to prove Theorem 1.2. To this end, we keep in use of all notations 
in section 5, and prove some lemmas first. 

Lemma 6.1. Suppose that f2 satisfies that Ai(fJ) = \i(B) with |0| = \B\. Then 



$ = ' and flh(?7t,*) = A 1 (S) ) 
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for almost all t G (m, 1). 

Proof. If Ai = Ai(.B), then by Proposition 3.1 and (5.4), we have Ai(f2) = 
\i{B) = H B (B(r(t)), G) < H n (U t , $) for almost all t G (m, 1). Hence by Theorem 4.2, 
$ = |v ^ -1 . Again, by Proposition 3.1, we obtain H n (U t ,<5>) = Ai(O) = Ai(-B), for 
almost all t G (m, 1). 

Lemma 6.2. Let ipn be the eigenf unction corresponding to the first eigenvalue 
X\(Q), and Ut be the level set ofipn. Then Hq(Ui,&) = Ai(-B) if and only if Ut is a 
ball and a(dEUt) = 0. 

Proof. It follows from Proposition 3.1 that \\{B) = H B {B(r(t)),G) for all t G 
(m, 1). By the construction of G and we know that the level sets of G and $ have 
the same measure. Hence 

/ \<f>\p=idx = / \G\^dx, for all t G (m, 1). 

Ju t JB r(t) 

Using the definitions of H^i(U, ip) and <3?, we have 

Hn(U t , $) = Mku t + Id E u t P d ° -(P- 1 ) Iu t ^dx), 

(6.1) 

= W^\ [G{r{t)MSt) + - (P - 1) / Bp(1) G^dx]. 

If Ut is a ball and a{&EUt) = 0, then c(S't) = a(8B r r t \) and 

(6 2) ^n(^, *) = y^MrQMdBr®) -(p-1) J Br(t) G&dx] 

= H B (B r ^,G) = Xi(B). 

Conversely, if Hn(Ut, $) = \\(B), then for this t, 

G(r(t))a(S t ) + f3a(d E U t ) = G(r(t))a(dB r(t) ). 
Noticing that St = djUt = dUt — d E Ut, we have 

a(d E U t )((3 - G(r(t))) = G(r(t))(a(dB r{t) ) - a(dU t )). 

This is only possible when aipEUt) = and cr(dB r r t \) = a(dUt), since < G(r(t))) < j3 
for all t G (m, 1) and |-B r (t)| = \Ut\ implies o~(dB r n)) < a{dUt). But we know that the 
ball is the unique minimizer of the isoperimetric inequality. Hence, Ut = B t m + z for 
some z G R N . This completes the proof of Lemma 6.2. 

Lemma 6.3. Assume that u(x) > satisfies that — div(|Vu| p_2 Vii) = \u p ~ l in 
O for some A > 0. Suppose further that for some t > the level set {x G O, u(x) > 
t} = B r n\(xo) is a ball with radius r(t) and center Xq. If u G C(B r n\(xo)) and 
a(dEB r (t)(, x o)) = 0, then u is radially symmetric with respect to xq in B r ^(xo). 

This lemma is crucial to the proof of Theorem 1.2. In the case p = 2, the conclusion 
of the Lemma 6.3 is a famous result due to Gidas, Ni and Nirenberg [10] (see also 
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Corollary 3.4 in [9j). In the case 1 < p < 2, the conclusion of Lemma 6.3 was given in 
[3]. In the case p = N, the conclusion of Lemma 6.3 was proved in |15| . However, the 
conclusion of Lemma 6.3 for the case p > 2 and p ^ N is not available so far. Here, 
we give a proof of Lemma 6.3 for all p G (1, +oo). 

Proof of Lemma 6.3. By the assumption, we know that for the same t > in 
the above Lemma, u(x) is a solution of the following Dirichlet problem 



3.3) 



-div(|Vt;| p - 2 V?;) = At* -1 in B r(t) (x ), 
v>0 inB r ^(x ), 
v = t on dB r ( t }(xo). 



By Lemma 2.4 and Lemma 2.5, we know that any solution of problem (j6.3|) is strictly 
positive in ft. Since problem (16, 3h is invariant under rotation, we can prove Lemma 6.3 
by proving that uniqueness theorem is valid for f)6.3f) . To this end, we denote B r (t)(%o) 
by ft for simplicity, and suppose that v\ > and v 2 > are two solutions of problem 
(|6T3|) . Then Vi {x) (i = 1,2) satisfy 

( -dw(\Vvi\P- 2 Vvi) = \\vi\P- 2 Vi in ft, 
Vi = t on (9ft. 



(6.4) 
Let 



p _ v 

p l—p v l ~ v 2 V 1— V 

m = vi- v%v 1 = — — — , rj2=v 2 - v\v 2 



V 



p-1 ' " z "1^2 p-1 

1 ^2 



It is obvious that rfi = (i = 1,2) on 9ft. Multiplying equation (|6.4p by r]i (i = 1,2) 
and integrating by parts, we obtain 

/ |V^r 2 V^ Vvi-X [ v p - l m = 0, = 1,2). 

By a similar argument to that used in the proof of Proposition 2.2, we infer that 
V(lnui — I11V2) = 0, namely, V2 = Cv\ for some constant C. Since v\{x) = V2{x) = t 
for x G 9ft, we obtain that C = 1 and v\{x) = V2(x) on ft. Hence, the solution of 
problem (|6.3p is unique, and hence, the symmetry result of Lemma 6.3 follows. 

Proof of Theorem 1.2. Let ft satisfy Ai (ft) = Xi(B) and |ft| = \B\, U t be the level 
set of eigenfunction ipQ correspond to Ai(ft). Then by Lemma 6.1, Hfi(Ut, $) = X±(B) 
for almost all t £ (m, 1), and so, Ut is a ball for any t S (m, 1) and a(dEUt) = by 
Lemma 6.2. At this stage, Lemma 6.3 implies that ipn is radially symmetry inside Ut, 
and all interior level sets U T for r G (t, 1) are concentric balls. In particular, for all 
t E (?ra, 1], the level sets Ut are concentric balls. Therefore, ft = U te r m n C^t is a ball. 

Acknowledgements. Heartfelt thanks are given to Professor Xu-jia Wang for 
many invaluable comments. 
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